Abstract This paper revisits the controversy concerning whether gravitational lensing effects make a significant difference to estimation of distance to the Cosmic Microwave Background last scattering surface in cosmology. A recent paper by Kaiser and Peacock [4] supports a previous paper by Weinberg [2] stating that such affects average to zero because of energy conservation. In this note, problems are pointed out in the Kaiser and Peacock analysis related to their choice of endpoint of integration, and to the 'wrinkly surface' argument.
Introduction
Various papers such as [1] claim that lensing due to inhomogeneity can significantly affect number counts in cosmology. Weinberg [2] however argued that due to energy conservation, this is not the case: such effects will vanish when one averages over the sky. In contrast [3] calculates non-zero lensing effects relating to the effective distance to the Cosmic Microwave Background ('CMB') last scattering surface to second order in perturbation theory, which in effect contradicts Weinberg's result. In the paper "On the bias of the distanceredshift relation from gravitational lensing" [4] , hereafter KP, Kaiser and Peacock defend Weinberg's thesis in the face of the various papers challenging it, and give detailed references to previous work on the issue. However problems arise with KP as regards the following issues:
-Curve parameters -Curve end-points -The 'wrinkly surface' argument.
Here we discuss them in turn, after noting some basic formulae in the following section. The method proposed here (cf [5] ) is as far as possible to work in the real inhomogeneous universe rather than the fictional background model, approximating the resulting equations as needed. Perturbations are defined in terms of the difference at each point in the inhomogeneous model between the real value of a quantity there, and the mapped value from the background model.
Preliminaries: CMB Temperature
A key issue is where the CMB decouples from matter, thus determining the observed CMB temperature and redshift.
Redshift
For a family of observers with future directed 4-velocity u a (u b u b = −1) 1 one finds the basic redshift formula ( [6] ; [7] :section 6.2)
We consider the past-directed null geodesic curve x a (v), where v is an affine parameter, with tangent vector k a pointing from the observer to the source:
If the parameter v is not affine, one will get instead
for some function f (v) = 0. We note here that if k a = φ ;a for a scalar field φ, it is automatically affine ( [7] :(6.4),(6.9)). Thus this will indeed be true for the tangent vector field to the past null cone w = const, because then k a = w ,a [7] . But it will not automatically be true if one calculates along individual null geodesics or bundles of null geodesics with some geometrically chosen curve parameter v such as cosmic time t or distance travelled d. The direction n a of a past directed light ray relative to a (future directed) 4-velocity u a is
and
is the projected spatial distance along the direction n a of the null vector corresponding to a curve parameter increment dv.
The change of observed wavelength λ down a past null geodesic for more and more distant sources is given by the derivative of (1) down the past null cone relative to an affine parameter and using the formula [6] [7] u a;b = θ ab + ω ab −u a u b (6) to give dλ λ = {θ ab n a n b + (u a n a )}dl (7) where θ ab is the fluid expansion tensor, combining an isotropic expansion term θ and a shear term σ ab , andu a is the fluid acceleration [6] [7] . The first term is the Doppler shift term, with isotropic and anisotropic parts, and the second the gravitational redshift term (zero for a geodesic congruence). If the curve parameter is not affine, relation (7) will have an extra term (the affine condition is assumed in its derivation, see Section 6.2.1 in [7] ).
Temperature
The surface intensity I ν of radiation received from a source with spectrum I(ν) and surface brightness I G (n a ) in the direction n a is given by ( [7] :(6.40))
where the redshift is given by (1) . This relation follows from reciprocity theorem ( [7] :section 6.4.3, [8] ), which is generically true. We can parametrise the direction n a as usual by spherical angles (θ, φ). Applying (8) to black body radiation, it follows ( [7] :(6.41), (6.42)) that in each direction (θ, φ), radiation emitted as black body radiation at temperature T emit (θ, φ) at the point on the last scattering surface (LSS) in that direction is received as black body radiation at temperature T obs (θ, φ) where
Here (θ, φ) denotes the direction of n µ at the observer which equals the one at the emitter e.g. in geodesic light cone coordinates [9] . This remarkable relation, resulting from a combination of results from quantum theory, statistical mechanics, and general relativity, is an exact relation true in any cosmological spacetime.
Decoupling
Decoupling of the CMB from matter takes place when the baryon temperature T m drops below the ionisation temperature T dec so that negatively charged free electrons in the primordial plasma combine with positively charged nuclei to become neutral hydrogen and Thomson scattering ceases. Because the baryons and radiation are in equilibrium to a good approximation at that time, their temperatures are equal:
Decoupling therefore happens when the radiation temperature drops below T dec ; that is 2 , when
Hence setting T emit (θ, φ) = T dec in (9) the observed CMB temperature is
Now T dec is fixed by the physics of recombination of hydrogen (we ignore the issue of the ionisation of helium) and T obs (θ, φ) is the measured CMB temperature, which varies over the sky. So what the measured CMB temperature in any direction tells us is the redshift z * (θ, φ) of the emission surface (the 'cosmic photosphere') in that direction:
where the numerator is given by the physics of ionisation and the denominator is the observed CMB temperature. As remarked by Sachs and Wolfe [10] , the interpretation of this redshift as being due to Doppler or gravitational effects (e.g. whether it is due to the Rees-Sciama effect or local redshifts relative to the cosmological expansion) does not affect this formula, which is completely general. The conclusion is Lemma 1 Decoupling of matter and radiation ('the cosmic photosphere') takes place at the redshift z = z * (θ, φ) determined in terms of T obs (θ, φ) by (13), irrespective of the causes of that redshift. Hence the correct boundary condition to use in evaluating lensing effects on the CMB is to determine the cosmic photosphere by setting z = z * (θ, φ) on the null geodesic in direction (θ, φ) for all θ, φ.
The COBE, WMAP, and Planck images of the CMB are therefore just images of the variation of z * across the sky.
Here we have neglected the fact that decoupling it not instantaneous but happens gradually, the finite depth of the decoupling surface and second order effects in the physics of decoupling such as the matter and radiation temperatures not being exactly equal, and Helium decoupling effects. Even though the CMB anisotropy spectrum cannot be calculate with good precision when neglecting these effects, the main argument presented here remains valid. That analysis depends on temperatures rather than densities. How does this relate to surfaces of constant density? For radiation,
and pure adiabatic perturbations are characterised by
Consequently in the adiabatic case,
Corollary 1 In the adiabatic case, by (11) and (16) the LSS is a surface of constant baryon density δρ m = 0, so in that case the observed CMB fluctuations do not represent density fluctuations, as is often stated.
In standard perturbation theory language, this shows that in uniform density gauge (which for adiabatic perturbation is the same as uniform temperature gauge) the density fluctuations are given exactly by the redshift fluctuations.
In the non-adiabatic case this will no longer be true.
As mentioned above, the main shortcoming of the above analysis is of course the instantaneous recombination approximation (accurate to a few percent only for multipoles with < 100); to go beyond this one has to use a Boltzmann approach [11] , but conceptually nothing changes.
Curve parameter
As pointed out above, the standard formula (7) assumes that the null geodesic is affinely parametrised. A key issue then in doing CMB calculations is whether an affine parameter is used along the relevant geodesics, or some other parameter. Equivalently, what distance measure is chosen in the calculations? If it is for example chosen as comoving distance, however that is defined, relation (7) may no longer hold.
Eqn (1) in KP is the null geodesic focussing equation, which uses an affine parameter, as does the geodesic deviation equation. However the caption to figure 1 says, "In a hypothetical universe with inhomogeneity in some finite region of space, consider the mean fractional change to the area of a surface of constant redshift, or cosmic time", which they compare with a surface of constant distance travelled. Now a surface of constant time in a perturbed FLRW model is a gauge dependent quantity (it depends on the time parameter chosen in the inhomogeneous model), and there is no reason why it should be a surface of constant redshift, so these are generically two different surfaces. KP also refers to "the radius reached by the light rays" and a "a path length λ", which are presumably both the integral of (5) down the null geodesic. A variety of different distance measures are being used (they may be the same in the background model, but will not be so in the perturbed model).
However KP then state (bottom of page below Figure 1) KP Claim 1 : The rest of the paper consists of a calculation of the perturbation to the area of a surface of constant redshift.
As long as this is what is actually done, and this is confirmed at the start of Section 4.1 in KP, the confusion about what curve parameter is used need not matter: the cosmic photosphere is being treated as a surface of constant redshift. The perturbation to the area of that surface, with consequent changes in apparent distance, is due to gravitational lensing effects (the focussing equation and perhaps time delay effects) as discussed in depth by KP. However if either the null focussing equation (equation (1) in KP) or the geodesic deviation equation is used to deduce area changes, then it does matter if the curve parameter is affine or not; and similarly if (7) or an equivalent equation is used to deduce the change of redshift down a family of null geodesics, then it matters as well.
Curve end-point
Following Weinberg, the curve endpoint in KP is taken (see KP Claim 1) as being on a surface of constant redshift, as in Figure 1 of [4] . But Section 2.3 above implies this cannot be correct when examining CMB lensing, if we use the correct physical conditions for decoupling. (12) shows that if one calculates the CMB temperature T calc (θ, φ) using as endpoint a surface of constant redshift z const with correct physical conditions for decoupling, then T calc (θ, φ) will have no angular variation whatever:
Corrollary 2 Equation
where the RHS is constant.
Hence taken at face value, the KP calculation does not give what is needed for CMB calculations in a perturbed FLRW model, where the observed CMB temperature varies due to varying redshifts of emission in different directions of observation in the sky.
Corollorary 3
The observed CMB anisotropy T obs (θ, φ) is due to the difference in redshift in the inhomogeneous universe between a chosen reference such as a surface of constant redshift z = z const and the physical surface of decoupling z = z * (θ, φ) given by (13) .
This difference for example determines all the anisotropies detected by the Planck satellite observations. The issue is in fact acknowledged in Appendix A2 of KP, but they do not explain how they resolve it. 3 But that is the heart of the physical effect. It is calculated in detail by Durrer [11] within linear perturbation theory on a background cosmology, and in [3, 12] at second order in perturbation theory. This approach is satisfactory in the linear case, but becomes very opaque in the non-linear case when one mixes a variety of distance measures as KP do (in A2: redshift, in A3 and A4: distance along the light ray, in A5: optical path length and conformal path length, finally in A6: redshift, as per KP Claim 1). This approach contrasts with the view proposed here where, as in [5] , one works as far as possible in the real inhomogeneous universe, and uses the physics of decoupling to determine the integration endpoint.
5 The 'wrinkly surface' argument KP state that time delays cause a further effect: "the surface is 'wrinkled' owing to time delays induced by the density fluctuations ... one can draw an analogy with the surface of a swimming pool perturbed by random waves of small amplitude. These cause a fractional increase in the area of the surface that is on the order of the mean square tilt of the surface", which they call the 'wrinkly surface' argument.
However one must take into account Sach's shadow theorem [13] , [14] (see note a) in Section 6.4.1 of [7] ), which states that the shape and area of an image in a screen orthogonal to the light ray are independent of the velocity of an observer. To show this, consider a vector x a lying in a screen orthogonal to k a , which is effectively what the LSS is for the observer; then
The screen is set perpendicular to the incoming light ray, else there will be projection effects simply due to the screen being at an angle relative to the direction of observation, as opposed to any effects caused by time delays, which are equivalent to different distances down the light cone. Then changing distance down the null cone by a parameter distance dv (that is, a time delay effect) adds a null increment
to each such vector x a , equivalent to a sum of a time displacement and a spatial displacement. The increment (19) does not alter condition (18) :
Sachs [13] pointed out that such an increment does not change any magnitude or shape in the image: by (19) applied to x a and a similar screen vector y a ,
In particular, (x ) a (x ) a = x a x a . This applies to the CMB case if we regard the LSS as the screen space relative to our observations. Lemma 2 Lengths, angles, and areas in a screen space are unchanged by altering that space by a small amount down the past light cone, adding an extra spatial displacement and time displacement that together represent a null displacement for each point in the screen space.
On the view taken here, one compares the real decoupling surface in the inhomogeneous spacetime with the image in that spacetime of the decoupling surface in the background model. Then the shadow theorem applies down the real past light cone in the inhomogeneous spacetime, and there is no such effect.
Corollorary 4
Applying Lemma 2 to the LSS in the real physical spacetime as compared to the image in that spacetime of the LSS in the background model, there is no wrinkly surface effect for the CMB emission surface.
KP by contrast consider the issue in the background spacetime and find a non-zero result; but the shadow theorem also applies there, in regard to the background lightcone. However the past light cone in the background spacetime does not correspond to the image of the physical light cone in the inhomogeneous spacetime, as shown in Figure A1 in KP: the imaged light cone is not a null surface. There can consequently be such an effect resulting from the mapping between the physical spacetime and the background spacetime, which is of course a gauge dependent relation. Working this out one must again show how the relation between the real surface of decoupling and a fictitious one works, which requires identifying physically the real surface of decoupling, which is not a surface of constant redshift (in contrast to KP Claim 1). It also requires taking fully into account the Minkowski geometry that leads to the Shadow Theorem; it is not clear that KP does this.
The view of this note is that it would be clearer to consider such effects in the physical spacetime, where it vanishes.
Conclusion
The issues discussed in the previous sections raise queries about KP. Further study needs to be done to see what changes this might cause to their conclusions as regards lensing effects and the CMB: how large might any such effect be? Other papers carefully considering second order perturbations [3, 12, 15] reach different conclusions than they do. For the moment, we simply note the queries raised here imply the results of those papers are not obviously negated by KP. It is possible the results in KP are correct, but they have not been presented in a way that makes this clear.
How does this relate to other CMB lensing studies, such as the major study by Lewis and Challinor [16] ? Using linearised theory in the background spacetime, they emphasize just after their equation (2.10) that one can regard that equation either as giving a radial displacement or a time delay. However it is of course both (one is integrating down the past light cone), which is why Sach's Shadow Theorem applies. They then integrate to a surface of constant time in the background model (a conformal time η 0 − η * = χ * ), whose image in the perturbed model will not be the same as the real surface of decoupling in the inhomogeneous spacetime as given by (13) . This difference does not matter in the linear case. The issue at hand is whether the difference between these two integration limits causes a detectable effect in precision measurement of the CMB when one extends the calculation to higher order. The second order results of [3, 12, 15] , developing from the detailed first order derivations in [11] , suggest that second order terms can become significant, of the order of 1% or so. The reason that the distance to the CMB does not enter the angular power spectrum is not that its perturbation is very small, but that the CMB power spectrum is obtained by integrating brightness fluctuations over angles which leads to much smaller effects due to the conservation of brightness under gravitational lensing [12] .
As regards supernove observations, we observe the luminosity distance
2 D A , where we can loosely use 'distance' for both the angular diameter distance
Here z is of course the true, perturbed redshift. The 1st and 2nd order perturbations to this expressions have been calculated in several papers: [17] (1st order), [18, 19, 3] (2nd order). Already at first order it was found that the variance of the distance from lensing is of the order of 10 −3 − 10 −2 , hence much larger than the Bardeen potential Ψ ∼ 10 −5 . The reason for this is that the dominant terms contain two derivatives of the Bardeen potential, κ = −∆ψ/2, where ψ is the lensing potential O(Ψ ), and ∆ is the Laplacian on the sphere. Also a (formal) non-perturbative result has been derived [9] . As can be seen in Fig. 1 , the effect can add up to about 1%, which contradicts the claims in KP.
The 'averaged' distance, averaged over directions, has also been discussed. It is important to notice that directional average and ensemble average do not commute at second order since also the surface element on the sphere is perturbed by the convergence κ [20, 12, 15, 21] .
What might be even more interesting is that the presence of structure in the Universe leads to irreducible statistical fluctuations, that is, dispersion of these quantities. This has also been studied for the Hubble parameter, H(z), see e.g. [22] and dispersions of order of 1-2% or so have been found which have to be added to the observational error in the Hubble constant for local measurements. These results do not appear to accord with the results in KP. This could be due to the issues raised above.
